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The exact solutions of the Einstein field equations describing spherically symmetric, anisotropic elastic spheres supported only by tangential stresses are generalized to the case of materials carrying a non-vanishing charge density. Using the mass-area system of coordinates first proposed by Ori for dust models, the general solution is then reduced to a very simple form in which only an integral remains to be performed. As a consequence, a simple approach to the problem of existence and nature of singularities is outlined, and a conjecture on the nature of the central singularity is formulated and motivated on physical grounds.

I. Introduction.
In a recent paper (Magli 1996 , to be referred towards as paper [I] ) we discussed a (substantially new) class of solutions of the Einstein field equations describing spherically symmetric, non-static elastic spheres supported only by tangential stresses. Besides their obvious theoretical interest, exact solutions of the Einstein field equations in elastic matter may be relevant in an astrophysical context since neutron stars typically have an elasticsolid crust and both white dwarfs and neutron stars might have a solid core (see e.g. Haensel 1995 and references therein). In addition, the present knowledge of (physically valid) exact dynamical solutions is not very large; in particular, few of the known solutions are "generic" from the kinematical point of view (most of them have vanishing shear) while the solutions presented in [I] generally have non-vanishing acceleration, shear and expansion. Finally, such solutions can be used as new test models for cosmic censorship as far as our knowledge on the nature of the singularities is restricted to dust or self-similar models, due to the difficulties in approaching the problem in the general case (see e.g. .
The solutions discussed in [I] generalize the Tolman-Bondi (dust) models but share with them many features of mathematical simplicity. This is essentially due to the fact that the mass function is constant for each shell of particles, as a consequence of the vanishing of the radial stress. From the physical point of view, the dynamical behaviour of the dust solutions (continued gravitational collapse or expansion) is replaced by many possible behaviours; in particular, there exists finite-bouncing solutions as well as oscillating solutions. The metrics are worked out in comoving coordinates and, as a consequence, are not completely explicit. Physically, this is due to the fact that, in presence of stresses, the comoving time differs from the proper time of the shells of particles, so that the first order "energy equation" which arises from mass conservation is coupled, for generic equations of state, to the equation giving the acceleration of the world lines of the particles. Nevertheless, if standard regularity conditions at the centre are satisfied by the metric (it is shown in paper [I] that this occurs for any physically valid equation of state of the spheres) the qualitative features of the motion can be analyzed quite easily using standard methods. The lack of explicit expressions makes, however, quite difficult the test of the cosmic censorship conjecture as well as an analysis on the occurrence of shell-crossing singularities.
Recently, a particular class of solutions among those contained in [I] has been independently discovered by Singh & Witten (1997) . They analyzed the nature of the central singularity for a cloud starting from rest, and found that this singularity is always censored. Their particular class of solutions is physically not very viable because it violates a part of the regularity conditions. Nevertheless their results appear to be very promising in the perspective of testing cosmic censorship for physically more motivated equations of state.
In 1973, P.A. Vickers analyzed the dynamics of charged dust spheres using comoving coordinates and obtained a charged generalization of the Tolman-Bondi solutions. Due to the electromagnetic coupling, comoving time and proper time generally differ and it is not possible to carry out the integration completely, although the analysis of many physical properties of such spheres is possible in full generality. About twenty years later, A. Ori (1990) succeed in finding explicitly the general exact solution for charged dust spheres using mass-area coordinates (it is remarked by Ori in a subsequent paper (1991) that also J. Bardeen obtained the general solution for charged dust without publishing it). Using such coordinates it is possible to express the line element in terms of a simple integral. Surprisingly enough, this integral may even be carried out in terms of elementary functions although, of course, its explicit expression is not very illuminating.
The present paper has the same relationship with paper [I] as Ori's paper has with Vickers. In fact, using mass-area coordinates, we are going to present the general solution for anisotropic elastic spheres with tangential stress only. As we shall see, it is possible to do it easily also when the material carries a non-vanishing charge density, so that we shall present the integration in this more general case. However, of course, on physical grounds we do not expect charged solutions to be of interest in order to describe astrophysical objects, so that we stress that the main result of the paper relies in the possibility of expressing spherically symmetric, dynamic solutions with tangential stresses in "completely closed" form, both in the neutral and in the charged case. As discussed in section V, this furnish us a very powerful tool to investigate the problem of singularities for such solutions.
The paper is organized as follows. Section II contains a short review of paper [I] . Section III extends the result of paper [I] to the charged case using the same approach of that paper (analogous to the Vickers approach). In section IV we use mass-area coordinates to give the explicit solution in term of a simple integral, while in section V a general approach to the problem of singularities is outlined using the peculiar properties of such a system of coordinates. In particular, we show that the existence of shell-crossing singularities depends on the existence of solutions of an integral equation, while the nature of the central singularity depends on the existence of solutions of an algebraic equation. Finally, starting from well known results on the nature of the central singularity in the dust case, we formulate a conjecture on the nature of this singularity in the more general case of non-vanishing tangential stresses and give a simple physical argument supporting it. The paper ends with some concluding remarks in section VI.
II. Overview of paper [I]
Consider the general, spherically symmetric, non-static line element in comoving coordinates t, r, θ, ϕ. It may be written in terms of three functions ν, λ, Y of r and t only as follows:
The description of the elastic medium in a comoving frame may be done in terms of the metric functions only, as follows. The matter density reads
where ρ 0 (r) is an arbitrary (positive) function. The physical properties of the material are encoded in the internal energy e, which is a function of the form
where η = e −2λ . The energy-momentum tensor reads
where ǫ = ρe and the stress-strain relations (i.e. the relations giving the stresses Σ and Π in terms of the constitutive function) are given by
To write the Einstein field equations it is convenient to introduce the quantity (Misner & Sharp 1964) :
where a dash and a dot denote derivatives with respect to r and t respectively. There are four independent field equations, and a convenient set of them is given by
Once a function of state w has been chosen, the above equations become a system of four (compatible) partial differential equations for the three variables ν, λ, Y . The radial stress (3) vanishes if w does not depend on η. The corresponding function of state may be represented as
where h is a positive, otherwise arbitrary function. For physical reasonability, we assume the function h to have an absolute minimum for Y = r at any fixed value of r (existence of the local unstrained state, see paper [I] for details). The tangential stress (4) vanishes only if h does not depend on Y . This obviously corresponds to the dust equation of state, because the energy density ǫ becomes proportional to the matter density via a function of r only, which may be re-adsorbed in the function ρ 0 . From now on we use this scaling, so that the dust case can be obtained at any step by setting h ≡ 1.
The tangential stress can be written as
where the function
plays the role of a "generalized" adiabatic index. The field equations (6) can be partially integrated obtaining
where F (r) and f (r) are arbitrary functions (F > 0 and f > −1) which are simply related to the initial data, while ν 0 (t) reflects the invariance with respect to time rescaling and may be set equal to zero without loss of generality. Only two among functions F ,f and ρ 0 are independent, due to formula:
Eq. (5) leads to the equation governing the velocity, namely:
In general, the equation above is coupled to the fourth equation in (8) and explicit integration is therefore impossible in this system of coordinates. The two equations decouple if h is a function of Y only (h = g(Y ), say). In this case we have
and the function H defined in (7) reads
This particular class of solutions contains that discussed by Singh and Witten (1997) , in which the tangential stress is proportional to the density. In this case the stress-strain relation has the "barotropic form" Π = kǫ with constant "adiabatic index" H = k, and the equation of state is g(Y ) = Y −2k . In paper [I] the physical properties of the solutions are thoroughly discussed. We recall here that the metric is well behaved at the centre if the equation of state satisfies the "minimal stability requirement" (h has a minimum at Y = r) and the conditions
The behaviour of the energy density at r = 0 is the same as that familiar from the Tolman-Bondi models, namely ǫ is regular if F (r) is of the form r 3F (r) withF (0) < +∞. The matching with the Schwarzschild vacuum solution is possible on any chosen boundary surface r = r b , provided that the value of F at r b is identified with the Schwarzschild mass M . However, the transformation between comoving and Schwarzschild coordinates is highly non-trivial.
The energy conditions lead to inequalities on the function H, and therefore to differential inequalities on the state function h. In particular wec holds if H ≥ −1. Once this is satisfied, dec requires H ≤ 1, while sec is satisfied if H ≥ −1/2.
Analyzing the behaviour of the function appearing at the r.h.s. of equation (10) for a fixed shell of particles (r = const.), one can give a qualitative analysis of the possible motions. In particular, it is shown in paper [I] that there exist physically valid models of oscillating elastic spheres as well as of finite-bouncing spheres.
III. The charged case.
Consider an elastic material carrying a non-vanishing charge density σ. We keep the description of the mechanical and gravitational degrees of freedom as in the previous section and introduce the Maxwell tensor which, due to spherical symmetry, has only one independent component:
Maxwell's equations ∇ µ F µν = 4πσu ν yield:
Therefore Y 2 E is an arbitrary function of r only. Denoting this function by Q we obtain
Recalling that the matter density ρ = ρ 0 (r)e −λ /Y 2 , from the second equation above it follows that the ratio (ξ, say) between the charge density and the matter density is a function of r only:
The energy-momentum tensor of the electromagnetic field reads
therefore, it is easy to obtain the field equations from (6) by performing the formal substitutions
8πY 4 , and the result is
From now on we consider only vanishing radial mechanical stresses (Σ = 0). The field equations (15) reduce to:
From eqs. (16) and (17) it follows
where, again, F (r) is an arbitrary, positive function and we have defined
It is convenient to introduce a "renormalized" internal energy
In this way, eq. (18) yields
where (again) f (r) > −1 is arbitrary (it is, however, easy to check that the constraint (9) between ρ 0 , F and f still holds). Finally, from (19) it follows
and (20), together with (5), gives the following "energy equation":
where
In summary, the solutions describing charged elastic materials with vanishing radial stresses are structured as follows. First, choose an equation of state h = h(r, Y ) and arbitrary functions F , f and Q. Then the other arbitrary functions introduced above get fixed as ξ = √ 1 + f (Q ′ /F ′ ) and β = (ξQ)/ √ 1 + f , the metric function λ is given by (22) while ν and Y must satisfy eqs. (23) and (24). If we set h = 1 (dust) we obtain the Vickers generalization of the Tolman-Bondi solution. Also in this particular case proper time and comoving time generally differ (eq. (19) remains non-trivial also in presence of electromagnetic coupling only) so that it is not possible to cast the Vickers solutions in explicit form.
Regularity, matching, and energy conditions
In order to obtain physically valid models, standard regularity conditions must be satisfied at r = 0. These are Y (0, t) = 0, e λ(0,t) = Y ′ (0, t) and E(0, t) = 0. The last two may be easily shown to be equivalent to f (0) = h 2 (0, 0) − 1 and Q(0) = 0. The energy density will then be finite at r = 0 if F (r) has, also in the charged case, the familiar form F (r) = r 3F (r) with finiteF (0). The matching conditions with the Reissner-Nordström spacetime at r = r b require, besides continuity of the metric, the continuity of the radial stress and this now leads to the continuity of M and of the "electric field"E. Thus we must have Q(r b ) = q 0 where q 0 is the total charge of the electrovacuum exterior. Continuity of M then requires F (r b ) = M and it may again be proved that the matching can be achieved on any chosen surface (this is due to the fact that the time-dependence of M is only implicit via the term −Q 2 /2Y ). Finally, the energy-momentum tensor of the electromagnetic field obviously satisfies the energy conditions per se so that those for the material fields discussed in the previous section can be kept unchanged safely.
Qualitative analysis of the possible motions
The metric function Y has to satisfy equation (24). Keeping r fixed, this equation governs the dynamics of the shell labelled r, and may be formally regarded as the equation governing the radial motion of a pointlike particle in a central field. Obviously, the allowed regions of such motions are those in which the r.h.s. is positive. Being h > 0 everywhere, the r.h.s. of (24) tends to negative infinity whenever the charge to mass ratio is less then one. This shows that the region near Y = 0 is not allowed in the dynamics of charged materials and a bounce back must occur. This is the characteristic "repulsive effect" which is well known from the charged dust solutions. The bounce happens inside the apparent horizon, and therefore the re-expanding matter emerges in a "new" asymptotically flat universe (see e.g. De La Cruz & Israel 1967) .
Leaving aside this kind of gravitational bounce common to dust and non-dust solutions, the models with tangential stresses may exhibit less "exotic" behaviours, namely those corresponding to oscillating spheres and finite bouncing spheres for which the minimal value of Y remains greater than its gravitational radius. The analysis on such behaviours is straightforward and may be done in complete analogy with that for non-charged solutions given in details in paper [I] .
Like the Tolman-Bondi models, the spacetimes can be classified accordingly to the behaviour of the velocity at spatial infinity. Consider, in fact, equation (24). If the r.h.s tends to negative infinity as Y tends to infinity, the dynamics is necessarily bounded from above (bound case). The unbound case corresponds to a positive non vanishing limit, while the marginally bound case corresponds to vanishing velocity at spatial infinity. Physically, the above cases essentially correspond to the properties of the internal elastic energy. In fact as Y tends to infinity, h * ≈ h and (1 + f )/h 2 plays the role of potential energy for the point-like particle formally representing each shell: if the internal energy of the elastic deformations grows indefinitely, then (1 + f )/h 2 vanishes and the "energy constant" is negative (it equals −1) so that the dynamics is bound.
IV. Mass-Area coordinates
As we have seen, it is not possible to cast the line element in explicit form in the case of charged dust solution as well as in the case of (charged or not) solutions with tangential stresses. It is, however, obvious that equations which look very complicated in some system of coordinates may become tractable in other systems. Classical examples in the present context are given by spherically symmetric, dynamic solutions which are extremely complicated in comoving coordinates but become simpler in a non-comoving frame and vice-versa (see Kramer et al 1980 and references therein) . Ori (1990) introduced a coordinate system which turns out to be especially well adapted for the integration of spherically symmetric charged dust. In fact, in this coordinate system the problem generated by the coupling between eqs. (23) and (24) does not arise and the integration can be carried out explicitly.
The mass-area system of coordinates can be obtained by replacing the comoving time t and the radial label r with the "area coordinate" R = Y (r, t) and the "mass coordinate" m = F (r). The line element in these coordinates has the form
where A, B and C are functions of m and R. A key point is that these coordinates, although being non-orthogonal, do not alter the comoving condition, because u m vanishes (so that only u R is different from zero). Physically, this works because the mass is "conserved" and therefore gives an unambiguous "comoving label" for each shell of particles. The new coordinates are, moreover, unique: they cannot be subjected to rescaling.
It is clear from the discussion given in sections III-IV that the very same approach can be applied to our solutions because the mass is conserved also in this case. In Ori's paper, an elegant geometrical analysis is used to work out the solutions explicitly, resorting to the field equations as little as possible. The complete set of Einstein equations is finally shown to be satisfied. Here, we prefer rather to follow a more "computational" approach starting directly from the field equations in mass-area coordinates and integrating them.
Our first task is to write the Maxwell, Einstein and motion equations in terms of massarea coordinates. Since m is comoving, the normalization of the four-velocity implies
where u := u R . The unique independent component of the electromagnetic field is given by F mR = E(m, R), and Maxwell's equations (11) now yield
and Q = Q(m) is arbitrary. In mass-area coordinates the matter density and the state function can be represented as follows:
In order to facilitate the comparison with Ori's paper, we re-express the arbitrary function ρ 0 (m) as
The energy density reads
To the equations (16) In such equations the tangential stress does not enter and the radial stress is zero by assumption, so that they are formally identical to that for dust, the key difference being the fact that the equation of state (and therefore the function ǫ) is much more general. Using the components of the Einstein tensor in mass-area coordinates (Ori 1990) we have:
The first equation can be rewritten as
since Q = Q(m), this equation can be integrated at once and gives
where ∆ coincides in form with the function defined in (25), that is
Using B 2 = H + A/u 2 and equation (26), from (28) we get
In the above formula, we have reintroduced the specific charge ξ = EQ ,m (compare (14)). The metric function B can now be written as
(where the sign is the same of that of u). Therefore, we have solved for u in terms of the arbitrary functions and expressed B and A in terms of a single unknown H. To complete the solution, we plug the above results in (29), obtaining
The right hand side is a function of R and m only, and therefore we have reduced the problem to the calculation of an integral:
where ψ(m) is arbitrary and the integrand function is given by
The remaining independent field equation G θ θ = 8πT θ θ is identically satisfied once eqs. (27), (28) and (29) 
The first equation holds identically (i.e. for every configuration, also not satisfying the field equations) as a a reflection of the fact that only three equations of motion are independent in relativistic elasticity (see e.g. Kijowski & Magli 1992) . The second one can be checked to hold if eqs. (27), (28) and (29) are satisfied.
Equations (30), (31) and (32) with H given by (33) give the general solution for the metric of charged spheres supported only by tangential stresses in terms of the integral of the function Ψ. It is worthwhile to put in evidence the following particular cases:
Charged dust solutions
For h = 1 (dust case) the parameters defined in (35) depend only on m:
As a consequence, the function Ψ is a rational fraction and its integral may be carried out explicitly (Ori 1990 ).
Non-charged solutions
This is the most interesting case from the astrophysical point of view. Obviously, it can be obtained by setting Q = 0, so that
For future reference, we note that the function Ψ is in this case given by Ψ = hR
V. On existence and nature of singularities
In this section we investigate on shell-crossing and shell-focussing singularities. Our aim here is to set up a general method of approach to such problems using the mass-area formalism. In particular, we shall show that the existence of shell-crossing singularities depends on the existence of solutions of an integral equation, while the nature of the shellfocussing singularities depends on the existence of solutions of an algebraic equation. We shall also show that the nature of the central singularity in the (neutral) dust case can be recovered in a somewhat intriguing way using the mass area formalism, and this will lead us to a conjecture on the nature of this singularity in the more general case of non-vanishing tangential stresses.
Physical content of the arbitrary functions, initial data
In order to approach the problem of singularities, we need to identify the physical content of the arbitrary functions, so that regular initial data can be chosen.
The physical quantities characterizing the material are the energy density, the charge density and the tangential stress which read:
with √ H given by (33). A characteristic feature of the integration process in mass-area coordinates is that the tangential stress Π does not play any role in the relevant field equations: it may be always be calculated a posteriori once the integration has been carried out. In general, the motion of the material particles is shearing and expanding (like the Tolman-Bondi motion) and is also accelerating, due to both the electromagnetic and the elastic coupling.
There are four arbitrary functions, namely the equation of state h = h(m, R), the shell charge Q = Q(m) and the functions E(m), ψ(m). To understand the physical meaning of E and ψ observe that, of course, such functions must be related to the "initial distributions" of density and velocity (here quotation marks are due to the fact that we shall take care of the initial data always referring to the "original" (comoving) coordinates).
Consider regular initial data at some comoving time t (t = 0, say). We use the scaling freedom in the choice of the r coordinate to identify the lagrangian and the eulerian label initially, so that Y (r, 0) = r. In mass-area coordinates, to the equation Y (r, 0) = r corresponds some curve R = R 0 (m), where R 0 = F −1 and we are assuming the mass to be a monotonically increasing function. Introducing the initial distribution of velocity (V (m), say) from (31) it follows
The above formula gives the relationship between E ( and Q in the charged case) and the initial velocity profile. The relationship between ψ and the initial data is, in general, quite complicated. To obtain it, observe that the following formula may be easily proved:
The above equation evaluated "at t = 0" yields
Shell-crossing singularities
Equation (21) shows that the energy density becomes singular whenever Y ′ vanishes. This is the shell crossing phenomenon which is well known from the dust case: the world lines of the (shells of) particles intersect each other and the "lagrangian labelling" description breaks down.
Obviously, in the mass-area description a shell crossing occurs if Y ,m vanishes. Generally speaking, we do not expect a shell crossing to occur at a turning point (u = 0) so that equation (37) implies that shell crossing singularities correspond to zeroes of H. Let R sc (m) be the curve on which such singularities eventually occur. Using eqs. (33) and (38) we obtain that R sc (m) must satisfy to
This equation may have physically meaningful solutions. For instance, consider the Tolman-Bondi case. The solutions of equation (39) are physically meaningful only if the vanishing of Y ,m happens before (in comoving time terms) the singularity at Y = 0 is reached. It is possible to characterize fully in terms of differential inequalities the set of initial data such that no shell crossing occur in physically allowed "times" (Hellaby & Lake 1985 , Newman 1986 , Jhingan & Joshi 1997 . On the contrary, in the charged dust case, it can be shown that even a small (but non-vanishing) charge leads to the inevitability of shell-crossing, thereby casting serious doubts on the physical realizability of the "bounce in a new universe" process (Ori 1991) .
In the general case of non-vanishing tangential stresses, the analysis is also possible in full generality and will be presented elsewhere.
Shell-focussing singularities
In what follows we consider only non-charged materials. Shell-focussing singularities in non-charged solutions occur when Y (r, t) = 0, and equation (10) shows that there always exist an allowed region in which this phenomenon is unavoidable or, in other words, that for any physically valid equation of state h, it is possible to choose initial data leading to continued gravitational collapse (see [I] for details).
The relation Y (r, t) = 0 defines the "singularity curve" t s (r); in general, different shells become singular at different times, and it is customary to call central singularity that occurring at r = 0. This singularity plays a distinguished role because it is possible to show that non-central singularities are always covered. In fact, the shell labelled r becomes trapped at a time t t (r) such that Y (r, t t ) = 2F (r). For each fixed shell, consider the functionȲ (t) = Y (r, t). We haveȲ (t t ) = 2F (r) >Ȳ (t s ) = 0, but dȲ (t)/dt is negative in a collapsing situation, so thatȲ (t) is decreasing and it must be t s (r) > t t (r). It follows that the shell becomes trapped before becoming singular, so that the singularity is covered (under certain conditions, it is possible to proof this result also in presence of non-vanishing radial stresses, see Cooperstock et al (1996) for details).
The above argument does not work for the central singularity, at which Y (0, t t ) = 2F (0) = 0. In the present section we outline a method of analysis on the nature of this singularity. The method is essentially a translation in the mass-area framework of that developed by Dwivedi & Joshi (1994) and successfully applied to the dust case in a series of recent papers (see e.g. , Jhingan et al (1996) ). In such papers, it is explicitly shown that the nature of the central singularity in Tolman-Bondi models depends on the behaviour of the initial data near the centre. Here we obtain that the same result holds good also in the case of non-vanishing tangential stresses; the detailed analysis of such behaviour is, however, much more complicated and will be presented elsewhere. Nevertheless, the discussion below will lead us (section 5.4) to a simple derivation of the Singh-Joshi results, as well as to a conjecture on the nature of the central singularity in the general case (section 5.5).
The equation for radial, outgoing null geodesics in mass-area coordinates is given by:
This is an ordinary differential equation with a singular point at the central singularity R = 0, m = 0. This singularity is (at least locally) naked if there exist geodesics starting at it with a definite value of the tangent. If no such geodesics exists, the singularity is not naked and (strong) cosmic censorship holds. To investigate the behaviour near the singular point, define X := R 2m α where α > 0. If the singularity is naked, there exist some α such that at least one finite positive value X 0 exists which solves the algebraic equation
Applying L'Hospital rule we have
Using the formulae given in section 4.2, the above equation may be written as
We would like to stress that this equation does not contain derivatives of the metric functions, so that that the nature of the central singularity can be examined directly from it by analyzing the asymptotic behaviour of the arbitrary functions h, E and ψ in the limit of approach to the singularity. This result, which is well known for Tolman-Bondi models, in the present case depends strongly on the mass-area framework used. In fact in the dust case an explicit formula for Y ′ in comoving coordinates is available, while if non-vanishing tangential stresses are present, an analogous relation is generally impossible to obtain.
The marginally bound dust case as an example
As an example of application of the above formalism, in the present section we give a simple derivation in mass-area coordinates of the results on the nature of the central singularity in the case of marginally bound dust collapse .
The marginally bound dust case corresponds to E = h = 1, c = 0. From formula (38) we get
The behaviour of this function as m tends to zero can be obtained as follows. Consider regular initial data in comoving coordinates. Then the function F will be of the form
where q is the order of the first non vanishing derivative of the initial density profile at the centre, and dots stand for higher order terms. Therefore, we have
Considering now equation (42) and recalling that we are considering collapse (so that the negative sign must be chosen) we obtain
Thus ψ exhibits a "critical" behaviour: it diverges (respectively, goes to a finite non-zero limit, vanishes) if q < 3, q = 3, q > 3. Surprisingly enough, it is this critical behaviour that governs the nature of the singularity. In fact, equation (41) yields
If q is "super-critical" (q > 3) the r.h.s. diverges and the singularity is not naked. If q is "sub-critical" (q < 3) a solution always exist and the singularity is naked; at the critical value q = 3 the singularity may be naked or not depending on the value of a certain characteristic parameter ζ = F 3 /(2 √ 2F 5/2 0 ) (see for details).
The nature of the central singularity: a conjecture
As we have seen, the nature of the central singularity depends on the existence of solutions of equation (41). A detailed study of this equation requires a careful analysis on the behaviour of the equation of state in the limit of approach to the singularity in physically valid situations, and goes beyond the scope of the present paper. However, we would like to conclude the paper by proposing a conjecture on the nature of this central singularity.
Let us denote formally by S h a non-charged solution with non-vanishing tangential stresses. The set S h is in one-to-one correspondence to the choice of a particular elastic material (the equation of state h = h(m, R)) and of the initial data for its dynamics, i.e. the functions E(m) and ψ(m). Let S 1 be that Tolman-Bondi solution which is obtained from S h by letting h = 1. The conjecture is that, if the central singularity of S 1 is not naked, the central singularity of S h is also not naked for any physically valid choice of h.
The above conjecture is based on the following observation. Consider a small deviation from the dust equation of state, namely a state function of the form h = 1 + δh. Then the function c which appears in equation (41) may be written as c = c 0 (m) + δc(m, R) where c 0 (m) plays the role of the "binding function" for the dust limit (that is, the dust dynamics is bound, marginally bound or unbound accordingly to −1 < c 0 < 0, c 0 = 0, c 0 > 0). As show, the general features of dust collapse are essentially the same in the three cases, namely, they depend on the "critical" behaviour of some parameterq (which reduces to the parameter q introduced in 5.4 in the marginally bound case). Observe now that the "perturbation" δc typically starts with quadratic terms in R − R 0 for physically valid equations of state (see [I] for details on acceptable equations of state for elastic spheres). It is easy to check that terms of this order (or higher) cannot regularize a diverging behaviour of the last factor in equation (41), so that our conjecture appears to be valid at least within a perturbative scenario.
VI. Concluding remarks
The results of the present paper can be summarized as follows. First of all, we have shown that the solutions of the Einstein field equations describing the dynamics of spherically symmetric, anisotropic elastic spheres supported by tangential stresses only can be easily generalized to the case of materials carrying a non-vanishing charge density. Of course we do not expect such a generalization to be relevant in an astrophysical context, however, as is well known, charged solutions are very appealing on theoretical grounds, since they exhibit interesting phenomena (as the "bounce in a new universe" process).
More important, we have shown that Ori's mass-area formalism can be used to bring such solutions (independently whether electromagnetic coupling is present or not) to a very explicit form, in which only the calculation of an integral remains to be performed. This integral is an "ordinary" one in the sense that it is not obtained by formal integration of a partial differential equation but it is just the integral of a known function once the initial data and the equation of state have been chosen.
In the last section, we have shown that the mass-area formalism is a very powerful tool as far as the analysis on existence and structure of singularities in such solutions is concerned. In particular, we reduced the analysis on shell-crossings to a somewhat simple equation and the analysis on shell-focussing to an algebraic equation. Finally, the above described analysis lead us to conjecture, roughly speaking, that "tangential stress cannot undress a covered singularity". As discussed in 5.5, this conjecture appears to be well grounded on physical arguments and we hope to give a complete proof in the near future. On the other hand, however, nothing can be said at this stage about critical and subcritical cases, namely about the cases in which the dust limit exhibits a naked singularity. In fact, these cases require a very careful examination for (possibly fully non-linear) equations of state. Nevertheless, the discussion given in section 5.5 brings out once again and in a clear way that a connection should exist between a (still lacking) mathematically rigorous formulation of cosmic censorship and the conditions of physical acceptability of the equations of state. Such conditions obviously include the energy conditions but also the existence of an absolute minimum of the internal energy, which is intimately related to stability issues.
